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AN IMPROVED BOUND IN VIZING’S CONJECTURE
SHIRA ZERBIB
Abstract. A well-known conjecture of Vizing [7] is that γ(GH) ≥ γ(G)γ(H)
for any pair of graphs G,H , where γ is the domination number and GH is the
Cartesian product of G and H . Suen and Tarr [6], improving a result of Clark
and Suen [2], showed γ(GH) ≥ 1
2
γ(G)γ(H) + 1
2
min(γ(G), γ(H)). We further
improve their result by showing γ(GH) ≥ 1
2
γ(G)γ(H) + 1
2
max(γ(G), γ(H)).
For a simple graph G = (V (G), E(G)) and a vertex v ∈ V (G), denote by NG[v]
the neighborhood of v in G, namely the set {v} ∪ {u ∈ V (G) | uv ∈ E(G)}. We
say that D ⊆ V (G) dominates G if V (G) =
⋃
v∈DNG[v]. The domination number
γ(G) is the minimal size of a set dominating G. The Cartesian product GH of
a pair of graphs G,H, is the graph whose vertex set is V (G)× V (H), and whose
edge set consists of pairs (u, v)(u′, v′) in which either u = u′ and vv′ ∈ E(H) or
v = v′ and uu′ ∈ E(G).
In 1963 Vizing [7] conjectured that γ(GH) ≥ γ(G)γ(H). Although proven for
certain families of graphs and for all pairs of graphs G,H for which γ(G) ≤ 3, this
conjecture is still wide open. For surveys on Vizing’s conjecture and recent results
related to it see [1, 4].
In 2000 Clark and Suen [2] showed that for every pair of graphs G,H we have
γ(GH) ≥ 1
2
γ(G)γ(H). Suen and Tarr [6] then improved this result by showing
γ(GH) ≥ 1
2
γ(G)γ(H)+min(γ(G), γ(H)). Here we further improve these results,
establishing γ(GH) ≥ 1
2
γ(G)γ(H)+ 1
2
max(γ(G), γ(H)).. In particular, our proof
is simpler the the proof of Suen and Tarr in [6].
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Theorem. For any pair of graphs G,H,
γ(GH) ≥
1
2
γ(G)γ(H) +
1
2
max(γ(G), γ(H)).
Proof. Suppose that γ(G) ≥ γ(H). Let D be a dominating set for GH . Let
Q ⊂ V (G) be the projection of D onto V (G). Clearly, Q dominates G. Let U be
a subset of Q of minimal size that dominates G. Then U = {u1, . . . , uk} ⊆ V (G)
for some k ≥ γ(G). Define Si = ({ui} × V (H)) ∩D, and let Ti the projection of
Si onto H . Since U ⊂ Q, for every 1 ≤ i ≤ k we have that |Ti| = |Si| ≥ 1.
Form a partition pii, i = 1, . . . , k, of V (G), so that ui ∈ pii and pii ⊆ NG[ui] for
all i. This induces a partition Di, i = 1, . . . , k, of D, where Di = (pii×V (H))∩D.
Let Pi be the projection of Di onto H . Observe that the set Pi∪ (V (H)−NH [Pi])
dominates H , and hence for all i,
|V (H)−NH [Pi]| ≥ γ(H)− |Pi|.
For v ∈ V (H) let Qv = D ∩ (V (G)× {v}) and define
C = {(i, v) | pii × {v} ⊂ NGH [Qv]}.
Set Li = {(i, v) ∈ C | v ∈ V (H)} and Rv = {(i, v) ∈ C | 1 ≤ i ≤ k}. Then we
have, |C| =
∑k
i=1 |Li| =
∑
v∈H |Rv|.
Observe that if v ∈ (V (H) − NH [Pi]) ∪ Ti, then the vertices in pii × {v} are
dominated by the vertices in Qv and therefore (i, v) ∈ Li. Since the sets V (H)−
NH [Pi] and Ti are disjoint, this implies that |Li| ≥ |V (H)−NH [Pi]|+ |Ti|.
Therefore,
|C| =
k∑
i=1
|Li| ≥
k∑
i=1
(|V (H)−NH [Pi]|+ |Ti|)
≥
k∑
i=1
(γ(H)− |Pi|+ 1) ≥ kγ(H)− |D|+ k.
(1)
2
We further claim that |Rv| ≤ |Qv|. Indeed, if not then the set
U ′ = {u | (u, v) ∈ Qv} ∪ {uj | (j, v) /∈ Rv}
is a dominating set of G of cardinality |U ′| < |U |. Moreover, since the projection
of Qv onto G is a subset of Q, we have that U
′ ⊂ U , and thus we obtain a
contradiction to the minimality of U .
Thus we have
(2) |C| ≤
∑
v∈V (H)
|Rv| ≤
∑
v∈V (H)
|Qv| = |D|.
Combining (1) and (2) together we get
2|D| ≥ kγ(H) + k ≥ γ(G)γ(H) + γ(G) = γ(G)γ(H) + max(γ(G), γ(H)),
which concludes the proof of the theorem. 
Remark. It follows from the proof that Vizing’s conjecture holds for any pair
of graphs G,H , for which there exists a minimum dominating set D of GH so
that the projection of D onto G is a minimal dominating set (with respect to
containment). Indeed, if such D exists then U = Q, and thus instead of Equation
(1) we have
|C| =
k∑
i=1
|Li| ≥
k∑
i=1
(|V (H)−NH [Pi]|+ |Ti|)
≥
k∑
i=1
(γ(H)− |Pi|+ |Di|) ≥ γ(G)γ(H).
Combining this with Equation (2) we get the result.
Unfortunately, there exist pairs of graphs G,H for which such D does not exist.
An example of such a pair is G = H = P4, where P4 is a path with 4 vertices.
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